Abstract. We investigate a ternary, Z3-graded generalization of the Heisenberg algebra. It turns out that introducing a non-trivial cubic root of unity, j = e 2πi 3 , one can define two types of creation operators instead of one, accompanying the usual annihilation operator. The two creation operators are non-hermitian, but they are mutually conjugate. Together, the three operators form a ternary algebra, and some of their cubic combinations generate the usual Heisenberg algebra.
Introduction
Our goal being a ternary generalization of Heisenberg's algebra, let us start with recalling basic facts about ternary algebras [1] , [2] The usual definition of an algebra involves a linear space A (over real or complex numbers) endowed with a binary constitutive relations
In a finite dimensional case, dim A = N, in a chosen basis e 1 , e 2 , ..., e N , the constitutive relations (1) can be encoded in structure constants f k ij as follows:
With the help of these structure constants all essential properties of a given algebra can be expressed, e.g. they will define a Lie algebra if they are antisymmetric and satisfy the Jacobi identity: f 
whereas an abelian algebra will have its structure constants symmetric, f k ij = f k ji . Usually, when we speak of algebras, we mean binary algebras, understanding that they are defined via quadratic constitutive relations (2) . On such algebras the notion of Z 2 − grading can be naturally introduced. An algebra A is called a Z 2 − graded algebra if it is a direct sum of two parts, with symmetric (abelian) and anti-symmetric product respectively,
with grade of an element being 0 if it belongs to A 0 , and 1 if it belongs to A 1 . Under the multiplication in a Z 2 -graded algebra the grades add up reproducing the composition law of the Z 2 permutation group: if the grade of an element A is a, and that of the element B is b, then the grade of their product will be a + b modulo 2:
It is worthwhile to notice at this point that the above relationship can be written in an alternative form, with all the expressions on the left side as follows:
The equivalence between these two alternative definitions of commutation (anticommutation) relations inside a Z 2 -graded algebra is no more possible if by analogy we want to impose cubic relations on algebras with Z 3 -symmetry properties, in which the non-trivial cubic root of unity, j = e 2πi 3 plays the role similar to that of −1 in the binary relations displaying a Z 2 -symmetry. The Z 3 cyclic group is an abelian subgroup of the S 3 symmetry group of permutations of three objects. The S 3 groups contains six elements, including the group unit e (the identity permutation, leaving all objects in place: (abc) → (abc), the two cyclic permutations (abc) → (bca) and (abc) → (cab), and three odd permutations,
There was a unique definition of commutative binary algebras given in two equivalent forms, xy + (−1)yx = 0 or xy = yx.
In the case of cubic algebras [2] we have the following four generalizations of the notion of commutative algebras: a) Generalizing the first form of the commutativity relation (7), which amounts to replacing the −1 generator of Z 2 by j-generator of Z 3 and binary products by products of three elements, we get S :
where j = e can be used in place of the former one; this will define the conjugate algebraS, satisfying the following cubic constitutive relations:
Clearly enough, both algebras are infinitely-dimensional and have the same structure. Each of them is a possible generalization of infinitely-dimensional algebra of usual commuting variables with a finite number of generators. In the usual Z 2 -graded case such algebras are just polynomials in variables x 1 , x 2 , ...x N ; the algebras S andS defined above are also spanned by polynomials, but with different symmetry properties, and as a consequence, with different dimensions corresponding to a given power.
c) Then we can impose the following "weak" commmutation, valid only for cyclic permutations of factors: d) Finally, we can impose the following "strong" commutation, valid for arbitrary (even or odd) permutations of three factors:
The four different associative algebras with cubic commutation relations can be represented in the following diagram, in which all arrows correspond to surjective homomorphisms. The commuting generators can be given the common grade 0.
Let us turn now to the Z 3 generalization of anti-commuting generators, which in the usual homogeneous case with Z 2 -grading define Grassmann algebras. Here, too, we have four different choices:
a) The "strong" cubic anti-commutation,
i.e. the sum of all permutations of three factors, even and odd ones, must vanish.
b) The somewhat weaker "cyclic" anti-commutation relation,
i.e. the sum of cyclic permutations of three elements must vanish. The same independent relation for the odd combination θ C θ B θ A holds separately.
c) The j-skew-symmetric algebra:
and its conjugate algebraΛ, isomorphic with Λ, which we distinguish by putting a bar on the generators and using dotted indices:
d) The j 2 -skew-symmetric algebra:
Both these algebras are finite dimensional. For j or j 2 -skew-symmetric algebras with N generators the dimensions of their subspaces of given polynomial order are given by the following generating function:
where we include pure numbers (dimension 1), the N generators θ A (orθḂ), the N 2 independent quadratic combinations θ A θ B and N (N − 1)(N + 1)/3 products of three generators θ A θ B θ C . The above four cubic generalization of Grassmann algebra are represented in the following diagram, in which all the arrows are surjective homomorphisms. 
with j = e 2iπ/3 , the primitive root of 1. We have 1 + j + j 2 = 0 andj = j 2 . Let us denote the algebra spanned by the θ A generators by A [3], [4] . We shall also introduce a similar set of conjugate generators,θȦ,Ȧ,Ḃ, ... = 1, 2, ..., N , satisfying similar condition with j 2 replacing j:
Let us denote this algebra byĀ. We shall endow the algebra A ⊕Ā it with a natural Z 3 grading, considering the generators θ A as grade 1 elements, their conjugatesθȦ being of grade 2.
The grades add up modulo 3, so that the products θ A θ B span a linear subspace of grade 2, and the cubic products θ A θ B θ C being of grade 0. Similarly, all quadratic expressions in conjugate generators,θȦθḂ are of grade 2 + 2 = 4 mod 3 = 1, whereas their cubic products are again of grade 0, like the cubic products od θ A 's. [7] Combined with the associativity, these cubic relations impose finite dimension on the algebra generated by the Z 3 graded generators. As a matter of fact, cubic expressions are the highest order that does not vanish identically. The proof is immediate:
and because j 4 = j = 1, the only solution is θ A θ B θ C θ D = 0.
Ternary Clifford algebra
Let us introduce the following three 3 × 3 matrices:
and their hermitian conjugates
These matrices can be allowed natural Z 3 grading,
The above matrices span a very interesting ternary algebra. Out of three independent Z 3 -graded ternary combinations, only one leads to a non-vanishing result. One can check without much effort that both j and j 2 skew ternary commutators do vanish: and similarly for the odd permutation, Q 2 Q 1 Q 3 . On the contrary, the totally symmetric combination does not vanish; it is proportional to the 3 × 3 identity matrix 1:
with η abc given by the following non-zero components:
all other components vanishing. The relation 23) may serve as the definition of ternary Clifford algebra.
Another set of three matrices is formed by the hermitian conjugates of Q a , which we shall endow with dotted indecesȧ,ḃ, ... = 1, 2, 3: satisfying conjugate identities
with ηȧ˙bċ =η abc . It is obvious that any similarity transformation of the generators Q a will keep the ternary anti-commutator (24) invariant. As a matter of fact, if we defineQ b = P −1 Q b P , with P a non-singular 3 × 3 matrix, the new set of generators will satisfy the same ternary relations, becauseQ
and on the right-hand side we have the unit matrix which commutes with all other matrices, so that P −1 1 P = 1.
Ternary Z 3 -graded commutator
In any associative algebra A one can introduce a new binary operation, the commutator, using the generator of the Z 2 group in form of multiplication by −1 :
In the case of the Z 2 group the generator of its representation on complex numbers was equal to −1; note that −1 + (−1) 2 = 0 In the case of the Z 3 group, the generator of its complex representation can be chosen to be j = e 2πi 3 , with j + j 2 + j 3 = 0 Consider the following cubic combination defined on an associative algebra A:
One obviously has:
{X, Y, Z} = j{Y, Z, X} = j 2 {Z, X, Y }, and consequently {X, X, X} = 0.
In the case when A is a unital algebra, i.e. it contains a unit element 1 such that 1X = X1 = X for any X ∈ A, a unique Lie algebra is naturally generated by the cubic commutator:
The following simple example of a Z 3 cubic algebra can be constructed with 2 × 2 complex matrices. Consider the Lie algebra spanned by three Pauli's matrices: 
The enveloping algebra A σ contains the unit matrix 1:
Let us define the cubic j-commutator on the algebra A σ :
This cubic algebra contains three cubic subalgebras generated by two σ-matrices out of three: for example
and similarly for the couples σ 2 , σ 3 and σ 3 , σ 1 . We have also {σ 1 , σ 2 , σ 3 } = 0.
3. Ternary Heisenberg algebra 3.1. The Z 2 Heisenberg algebra Let us first remind the original construction of the Heisenberg algebra used in the analysis of quantum harmonic oscillator. The Hamiltonian of classical harmonic oscillator, expressed in reduced dimensionless variables reads:
after first quantization which attributes to canonical variables (p, x) corresponding quantum operators acting on the Hilbert space L 2 (R) of square-integrable functions
The quantum version of he Hamiltonian is the hermitian operator
The classical Heisenberg algebra [9] is generated by the following two operators:
(in terms of dimensionless operatorsx andp defined as follows:
with λ some unit of length) satisfying the well known commutation relations [x,p] = i. a, a † = 1.
Now the quantum version of he Hamiltonian becomes a hermitian operator, which can be expressed by means of the operators a and a † : 
